Introduction
Semilocal strings are a non-topological type of defect arising in theories with both local and global symmetries [1, 2] (see [3] for a review). The simplest semilocal model is an extension of the Abelian Higgs model where the Higgs scalar field is replaced by two equally charged Higgs forming an SU (2) doublet. The semilocal model can also be thought of as the bosonic sector of the Glashow-Weinberg-Salam model of electroweak interactions, in the limit where the SU (2) coupling constant is zero, the Z and W bosons decouple and the SU(2) symmetry becomes global.
The semilocal model admits stable string solutions even though the topology of the vacuum manifold would suggest otherwise (the vacuum manifold is a three-sphere, S 3 , which is simply connected). However, being non-topological, semilocal strings have different properties compared to their topological counterparts in the Abelian Higgs model. The most noteworthy of these is that they can form finite open segments. We will return to this point below.
Semilocal string networks can arise in supersymmetric grand unified theories of inflation [4] and in D3/D7 brane inflation models [5] . These are a natural extension of usual inflationary models, in which the only extra ingredient is the doubling in the scalar sector. The signatures and potential detectability of a cosmological network of semilocal strings in the Cosmic Microwave Background have been considered in [6] [7] [8] . The latest constraints can be found in [8, 9] .
The model is described by the Lagrangian [1, 3] 
is the gauge field strength. The model is invariant under SU(2) global × U(1) local and, after symmetry breaking, the particle content is two Goldstone bosons, one real scalar with mass m s = √ 2λη and a vector boson with mass m v = qη. At the classical level the dynamics is determined by a single parameter, the ratio of the scalar mass to the vector mass. This is most easily seen with the rescalings: 
The parameter β is analogous to the usual parameter that distinguishes Type I (β < 1) from Type II (β > 1) superconductors in the Abelian Higgs model. The stability of infinitely long, straight strings is not guaranteed by topology, the Higgs field can be non-zero everywhere in the core of the strings. The magnetic flux-measured at infinityis quantized, but not necessarily confined to a vortex of a particular width. It turns out that the parameter β determines the stability of the strings [2]: if β < 1 the strings are stable, if β > 1 they are unstable. We can understand this intuitively as follows: if q = 0, the theory would have a global SU(2) × U(1) symmetry, and we would expect the (global) string to be unstable. Instead, if q is sufficiently large, it is energetically advantageous to maintain a region with a low Higgs vacuum expectation value, where the magnetic field can accrete. Stability is then decided by the competition of these effects. A more detailed argument [2] then shows that the boundary between stability and instability is at β = 1, where there is a one-parameter family of neutrally stable solutions with the same energy per unit length but with varying core widths (see also [1] ). This is usually called the BPS or supersymmetric limit. Unlike Abelian Higgs strings-that have to be infinitely long or form closed loops-semilocal strings in the stability regime β < 1 can form finite segments. However, it is energetically costly to end a string and, as a result, the ends of the segments behave like global monopoles [10] , with long-range interactions among them. This accounts for very rich dynamics. Closed loops behave like their topological cousins in the Abelian Higgs model, they eventually shrink and disappear. On the other hand, segments can shrink and disappear, but they can also grow to join other segments (or to form closed loops). Modelling the cosmological evolution of such a system has proved a very non-trivial task.
The results presented here are part of ongoing research by the authors, described in [11] [12] [13] [14] [15] and we refer the reader to those papers for details. We will treat the semilocal network as a hybrid network made of local strings and global monopoles. We will also assume low values of β, deep in the stability regime.
From a cosmological point of view, a crucial property of defect networks is that they often show scaling: after some time, statistical properties of the network such as the typical inter-defect distance (or, if the defects have a spatial extension, their typical curvature radii) become a fixed fraction of the horizon size. This is true of cosmic strings and is also true of global monopoles so it is natural to ask whether a network of semilocal strings will also show scaling behaviour. This question has been analysed in a series of papers with increasingly powerful numerical simulations [11, 12, 16, 17 ] that consistently showed evidence of scaling behaviour. A first attempt at a (semi) analytical understanding was provided in [15] in the form of two 'velocity-one-scale' models, with equations capturing the time evolution of the typical length scales and velocities of a network of semilocal strings. In the next sections, we build on these results to propose a new, improved, VOS model for semilocal networks together with some preliminary comparisons with numerical simulations.
A velocity-dependent one-scale model for semilocal strings
The velocity-dependent one-scale (VOS) model provides a quantitative and physically clear methodology to describe the evolution of topological defect networks, both in condensed matter and cosmological settings, and has been extensively compared to (and calibrated by) numerical simulations. It was first developed for cosmic strings [18] , and subsequently extended for several other defects. A recent review can be found in [19] . Conceptually, it draws on Tom Kibble's insight [20] that defects' networks can be described by averaged quantities, for which evolution equations can be obtained starting from the defects' microscopic equation of motion. The term 'one-scale' expresses the assumption that the correlation length and defect curvature radius coincide with a characteristic length scale (or defect separation), henceforth denoted L. The VOS model extension of Kibble's one-scale model is based on the realization that a dynamical equation for the defect network's RMS 1 velocity, henceforth denoted v, is crucial for any description that is able to model the evolution in various different settings, such as the radiation and matter eras in cosmology, and the transitions between them.
The VOS model therefore aims to provide a statistically averaged (macroscopic) description of the microphysical processes relevant for the dynamics of the defect networks. For some of these, the macroscopic description can be obtained directly from the microphysics in a mathematically rigorous way; an example is the effect of the cosmological expansion on the defects. For others, however, one is forced to introduce phenomenological parameters quantifying the relative importance of various terms, and these parameters cannot be calculated ab initio, but need to be determined by calibrating the model using numerical simulations; an example is the terms describing the various decay channels (or energy losses) for the network. For the purposes of the present work, the two key phenomenological parameters are a momentum parameter, k, related to the curvature of the defects, and an energy loss term, c. In the specific case of cosmic strings, the latter parameter is often known as the loop chopping efficiency (loop production being thought to be the predominant decay channel for strings), but analogous parameters exist for all other defects.
(a) Global monopoles
A VOS model for global monopoles was first developed in [21] and revisited in [22] . With the model parameters as described above, and using the index m in L m and v m to denote that these refer to monopoles, we have the following dynamical equations:
where v m is the root-mean-square velocity of the monopoles and L m an overall length scale representing the distance between monopoles. 2 H is the Hubble parameter. The parameter c is the monopole analogue of the loop chopping efficiency for strings, and d is a damping length scale 3 (including both the effects of Hubble damping and of friction due to particle scattering). The first term on the right-hand side of equation (2.1) models the acceleration due to the surrounding monopoles and antimonopoles. d H is the cosmological horizon, and α is a parameter that describes the overall effect, on a given monopole, of all the other monopoles: α = 3/2 corresponds to assuming that the force exerted on any given monopole by N randomly distributed monopoles decreases as
On the other hand, if we assume that the acceleration a of a monopole is Brownian, so a ∼ √ N, we would have α = −3/2. For networks of global monopoles, it was suggested in [22] that the second assumption gives a better description of the time evolution, though this needs to be confirmed by a robust statistical analysis. Here, the situation is slightly different because the 'monopoles' have a string attached to them that distorts the field profiles and the forces acting on the monopoles. We shall leave this parameter free and let the simulations determine the best fit. As it happens, the preferred value appears to be α = 3/2.
(b) Semilocal networks: previous attempts
To first approximation, a VOS model for semilocal networks can be built by describing them as local strings with endpoints attached to global monopoles. Thus, the VOS equations for monopoles in the previous subsection should apply, with the caveat that in principle the velocity equation should include a term describing the force on the monopoles due to the strings. In practice, however, this force is subdominant when compared to the forces between the monopoles themselves-it is clear both from simulations and analytic modelling that the semilocal network dynamics is controlled by the monopoles.
On the other hand, a semilocal network is made of string segments, each of which will have a length l s and velocity v s . 4 In principle, the evolution of closed string segments (e.g. loops) is wellknown for standard topological strings. In the semilocal case, there is an additional dynamical mechanism which will affect the evolution of the segments: the gradient energy acts as a longrange force between the monopoles, which can determine whether string segments shrink or grow. In [15] , two models were proposed for the evolution of l s and v s , based on different (but reasonable) simplifying assumptions. The first stems from the hypothesis that the evolution of each segment is the result of the competition between the timescales for segment annihilation and monopole-antimonopole annihilation: if the former is shorter the segment will shrink and decay (which is expected to be the most likely outcome for small segments), while if the latter 2 In the simulations presented in the next section, we will use a definition of L m based on the number density of monopoles in the box as L m = (total volume/total number of monopoles) 1/3 . 3 The definition is (1/ d ) = 2H + (1/l f ). In the numerical simulations, we will ignore particle scattering and take l f → ∞. 4 The index s denotes that l s , v s refer to the strings. is shorter two segments will merge and a larger one will be formed (which is expected to be the most likely outcome for large segments). This model also assumes luminal motion (v m ∼ 1) for the monopoles at the ends of the segments. The second model stems from a balance equation for a network of segments, which is assumed to be Brownian. While both models give a good description of the segments' evolution on short timescales, they fail to describe the long-term behaviour. A possible reason is that both models assume that smaller segments would move faster than longer ones. A priori this is a natural assumption: specifically, it is motivated by the topological string case, where smaller loops are indeed faster than longer ones. However, in the semilocal case, this effect is not borne out by the simulations (figure 1 ). It shows that the average speed of the semilocal segments is largely independent of their length.
(c) Semilocal networks: a new proposal
Our new proposal for the analytic description of semilocal string networks extends our earlier VOS model, based on the hypothesis that the semilocal string dynamics is determined by the competition between the segment annihilation and monopole annihilation timescales, by relaxing the assumption that the monopole velocity be luminal, v m ∼ 1. Instead, the model evolves the monopole RMS velocity using equation (2.1). The evolution of the length of any given segment is given by
where the third term describes the competition between string segment and monopoleantimonopole annihilation. Note that this term crucially depends on the monopole velocity v m and there is a free parameter, σ , to be fitted by comparison to numerical simulations. The characteristic length scale for monopoles, L m , can be read from the simulations or implicitly given by the string-segment evolution (as the number of monopoles is twice the number of string segments). Finally, the model drops the previous assumption of an evolving velocity distribution for string segments, and instead keeps the segment velocities, v s , constant as seen in the simulations. An important difference between semilocal and topological string networks is that, in the former, there is no single characteristic length scale for the string network. Instead, there is a distribution of segment lengths in the network, and each segment's length evolves according to (2.3) . Scaling then corresponds to the total string network length evolving linearly in time, and the segment lengths reaching a steady state distribution. Note that the total number of segments is not conserved. When a segment shrinks to zero length it is removed from the network and, correspondingly, the total number of monopoles reduces by 2. In the next section, we present our preliminary results comparing our VOS model to field theory simulations of semilocal string networks, supporting scaling.
Numerical evolution of the semilocal network
We are interested in simulating the semilocal string network evolution in the early universe, in particular during the radiation and matter domination eras. In order to do that we solve the equations of motion derived from the semilocal model (1.4) . We work in comoving coordinates and conformal time τ in a spatially flat Friedmann-Robertson-Walker space-time:
where η μν = diag (−1, 1, 1, 1) is the Minkowski metric and a(τ ) is the cosmic scale factor. The scale factors we will consider are those corresponding to a radiation dominated universe (a ∝ τ ) and to a matter dominated universe (a ∝ τ 2 ). In what follows˙≡ d/dτ = ad/dt. Choosing the temporal gauge (A 0 = 0), the field equations reaḋ
where and Π =Φ, together with Gauss's Law
Our aim is to simulate a network of defects in an expanding background. Specifically, in a radiation dominated universe (a ∝ τ ) and in a matter dominated universe (a ∝ τ 2 ). However, this presents us with another difficulty: the physical size of the defects is fixed throughout the simulation, but the size of the simulation box is growing with time. Equivalently, viewed in comoving coordinates, the box size is constant, but the comoving size of the defects shrinks.
One solution to this problem is to use an algorithm presented by Press-Ryden-Spergel (PRS) [23] for global defects, and extended in [24] for local ones. With this procedure, the defect cores are made to grow artificially, in order not to lose them during simulation. The (continuum) equations of motion (3.2) get modified toΠ
The parameter s interpolates between the true equations of motion (for s = 1) and an unphysical situation where comoving core size of the defects is constant (s = 0). As discussed in [13] (and references therein), the s = 0 case is a good approximation to the true s = 1 evolution in the semilocal case.
Using a discretized version of the PRS modified equation of motion, the system was simulated in 1024 3 cubic lattices with periodic boundary conditions for radiation and matter domination. The values of β chosen for the simulations were β << 1 where a considerable number of defects are known to form, in order to have enough string segments to later use in the comparison with VOS models. We performed seven simulations for each β = 0.04, 0.09, 0.15, 0.20, 0.25, 0.30, 0.35. The initial conditions chosen had the gauge field, gauge field velocities and scalar field velocities set to zero; and the scalar fields were chosen to lie in the vacuum manifold, but with randomly chosen orientations. An initial short period of forced damping was used to give the system an opportunity to relax to the scaling regime. Then, the simulation was run until half light crossing time, an upper bound in time set by the periodic boundary conditions.
Here, we are interested in comparing this VOS model with the simulations. In order to do that we have developed algorithms to estimate the number of string segments and their lengths, the number of monopoles, and the velocities of segments and monopoles. These can be found in a series of previous papers (for a detailed discussion see [12] ). Here, we summarize the main features and refer the reader to the original work for details.
When simulating networks of topological defects, one can make use of their topological nature to detect them in the simulated box. However, as mentioned earlier, semilocal strings are not topological, and it makes it much more difficult to numerically detect their location in a simulated lattice. One criterion used in the literature [11, [15] [16] [17] was to identify points in the lattice with a certain concentration of magnetic flux. This did ensure that those points were part of semilocal strings, and did allow us to obtain the number densities of strings and estimate their lengths. This was done by grouping points of high magnetic flux by proximity, and thus was an estimator of the 'volume' of the strings. The number density of strings is also a good estimator of the number density of monopoles. At each time step, we identify the longest and the shortest segment and all the segments are binned into eight equal-length bins. n is the number of segments in the bin normalized to the total number of segments. The red histograms show the average over seven runs for β = 0.15 in the radiation era. To obtain the VOS data, the VOS equations (2.1) and (2.3) with parameter values σ = 2.7 and k m = 1.6 were solved seven times, each of them taking the initial conditions from one of the seven simulations, and the results were averaged.
In [12] , we showed that this estimator seriously underestimated the string length, and another series of estimators were introduced. One of them used the windings of the scalar fields (of Φ 1 , Φ 2 or both fields together) to obtain a one-dimensional characterization of the network. Having a one-dimensional estimator was invaluable, because on top of allowing for a more accurate description of the length of the strings, it provided the means of obtaining an estimation of the velocities of the segments (transverse velocity of the strings) for the first time, and thus enabling the comparison with VOS models.
Another improvement included in [12] was the use of the monopole-like nature of the string ends. The whole simulated volume is analysed point by point to check whether there exist points which have 'monopole' topological charge, and those points were identified as monopoles or antimonopoles. Once again, having the one-point position of the monopoles enabled us to obtain monopole velocities. Moreover, this method of monopole detection is independent of the stringsegment detection, and thus both can be combined and compared to check the robustness of the methods. All these estimators have some important caveats, and we refer the interested reader to [12] for a more in-depth description/discussion.
Using the string lengths, string velocities and monopole/string end velocities we can analyse the newly introduced analytical model that describes the evolution of the semilocal segments. In order to do that we use the data coming from the simulations, where we extracted data at nine equally spaced time steps. The data from the first time step are used to seed the analytical model and then the equations are evolved. We extract data from the analytical models at eight equally spaced time steps. These time steps coincide with the simulation time steps. Therefore, we have two sets of segment distributions at eight time steps (eight, rather than nine, because the first output time step from the simulations has been used to seed the analytical models).
In order to perform a χ 2 analysis to find the parameter values for which the VOS model describes better the evolution of the system, we bin the segments in each time step depending on their lengths. The χ 2 is computed comparing the number of segments in each bin and in each time step. Our preliminary analysis of the new VOS model shows that the evolution of the total string length and the total number of segments is well described ( figure 2) . Moreover, the monopole velocities obtained from the VOS model agree with the velocities obtained from the simulations. For example, at radiation era with β = 0.15 the monopole velocity obtained from the simulations is v M = 0.600 ± 0.012 and the one obtained from the analytical model is v M = 0.62 ± 0.02. Finally, preliminary results on the distribution of segment lengths as time progresses are shown in figure 3 . The VOS model tends to predict more medium-length segments and fewer long segments than what is observed in the simulations, but in general the distributions seem to agree remarkably well.
This preliminary analysis shows that the new model is a good candidate. However, a more detailed analysis will be necessary to certify its validity. This we leave for future work [14] .
Conclusion
Semilocal strings are non-topological defects closely related to Abelian Higgs (topological) strings and also to the electroweak strings and dumbbells of the Standard Model. Infinite, straight semilocal strings are stable if the mass of the scalar fluctuations is much smaller than the mass of the vector fluctuations, a regime that would be called 'deep type I' in ordinary superconductors. In this stability regime (β << 1), a cosmological phase transition would lead to a surviving network composed of closed loops and string segments whose ends have long-range interactions. As a result, the segments can either shrink or grow to join other segments and form longer ones or closed loops. There is numerical evidence that such networks can reach scaling. However, an analytic description of the overall evolution of the network has so far remained elusive.
We have presented a 'thermodynamical' (velocity-one-scale) model for the network, given by equations (2.1) and (2.3). We simultaneously model an overall length scale and RMS velocity for the monopoles, and the length of each string segment. The equation for the segment lengths was first derived in [15] and the equation for the monopoles in [21, 22] . We presented preliminary evidence that the network evolution is well described by this model. An important departure from previous proposals is that we take the velocity of semilocal segments to be independent of their length. This is a remarkable difference between the semilocal and the Abelian Higgs case, where smaller loops move faster than longer ones.
Our results would appear to confirm that the network evolution is dominated by the dynamics of the 'global monopoles' at the ends of the segments, and by their long-range interactions. However, the effect of the strings is seen in the parameters that appear in the equation for the global monopole RMS velocity, equation (2.1), where the multi-monopole effects are somewhat different from the case of pure global monopoles.
